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LII..4p2Jlication t f  the Variations of Temperature in Air that 
changes its Volume to accoztld for the Felocit3t of Sound. B.y 
J. IvoRY, Esq. M.A. _P.R.S.~ 

T H E  formula for the velocity of sound investigated by 
Newton, having finally overcome all objections, it still 

remained to account for the remarkable discrepancy between 
the theory and observation. Tile difference~ amounting to a 
sixth of the whole quantity, could hardly be thrown entirely 
upon incidental errors of the experiments. The author of 
the Principia led the way in the conjectures that were ad- 
vanced for reconciling the calculated velocity of sound with 
the true velocity; but as all these attempts have shared the 
usual fate of hypotheses, and have lost all interest by the dis- 
covery of the real cause, it would be superfluous to mention 
them here. But it will be proper to observe, that the difficulty 
was occasioned by no inaccuracy or neglect of Newton. It 
arose from an inexact estimate of the air's elasticity, which he 
was unavoidably led to make fi'om the state of natural science 
in his time, and which the progress of knowledge has enabled 
the philosophers of the present day to correct. When the ex- 
act el~tsticity is substituted for the inaccurate quantity, rite dis- 
crepancy between theory and experiment disappears, without 
any change being required in the demonstration. At the time 

_ _ . . . . O ~ " of the publicatlon of the Pr'~nczpza, and lon~,.after that time, 
what could possibly have led any one to surmise, that nearly 
half as much heat enters into air when it dilates~ and comes 
out of it when it contracts, as must be applied from some ex- 
traneous source, in order to produce the same change of vo- 
lume ? 

The fact, that air absorbs heatwhen it expands, and evolves 
heat when it contracts, having been established by many ex- 
periments; and very notable effects being observed in some 
eases of great and sudden condensation; Laplace, between 
20 and S0 years ago, first suggested that this property of air 
was the cause of the perplexing dift~rence between the velo- 
city of sound as determined by theory and observation. In 
the a~rial undulations by which sound is conveyed to the ear, 
every small portion of air is first condensed and then dilated; 
and we may compare the elasticities on the two suppositions, 
that the temperature of the agitated air remains the same as 
in the quiescent state of equilibrium, and that it varies with 
the changes of volume. The external compressive force be- 
ing always the same, it is manifest that, whenever the bulk of 

* Communicated by the Author. 
Ne~ Series. Vol. 1. No. ~. April 1827. 2 K the 
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250 Mr. Ivory's Theory of the Veloclt3] of Sound. 

the small parcel of air is less than in the quiescent state~ 
the e]astlcity will be greater on the second supposition than 
on the first, on account of the extrication of heat; but, when- 
ever the bulk is greater than in the quiescent state, the elasti- 
city will be less on the second supposition than on the first, 
on account of the cold produced by the absorption of heat. 
Now the accelerating forces of the a~rial particles are the dif- 
ferences between their actual elasticity and the elasticity of 
the quiescent medium ; and as these forces are Mways greater 
on the second supposition than on the first, the velocity of 
the undulation must be swifter in that case than in this. The 
formula of Newton, being deduced from the law of Boyle and 
Mariotte, is consonant to the first supposition; and there is 
undoubtedly in the second supposition a tendency to diminish 
the difference between theory and experiment~ by increasing 
the estimate of the velocity of sound. One circumstance how- 
ever, it may be alleged, must in some degree modify the effect 
of the variations of heat in the agitated air ; namely, the ra- 
pidity with which the small increments and decrements of free 
heat would be equalized to the temperature of the surrounding 
medium. But the whole time of an a~rial vibration is ex- 
tremely short; and we may safely consider every change of 
volume that takes place during its progress, and every varia- 
tion of free heat, as enduring only for an indivisible instant of 
time. Every parcel of air as it is successively agitated retains 
the whole of its absolute heat; and the rapid evolution and 
absorption of free heat have no other effect than to increase 
the elasticity. 

The principle suggested by Laplace, having a real exist- 
ence in fact, and being adequate at least in a certain degree 
to reconcile the theory with experiment, it became important 
to ascertain the exact increase of velocity deducible from it. 
But here a difficulty occurred. I t  was known that heat was 
extricated from air when it is condensed, but there was no 
measure of the ei~ct. I t  even seemed very difficult, if not 
impossible, to arrive at any tolerably precise estimation by 
direct experiment. MM. Blot and Poisson therefore reversed 
the question, and inquired in what degree the elasticity com- 
puted by the law of Boyle and Mariotte must be increased ; 
or, which is the same thing, in what proportion the free heat 
must vary with respect to the volume ; in order to bring out 
the true velocity of sound. By this means we might at least 
be able to judge whether the assigned cause would alone ac- 
count for the observed deficiency. And, admitting that the 
effect fell within the limits of probability, there can be no 
doubt ~hat the just rules of philosophizing would be nowise 
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Mr. Ivory's TheoJ~ of the ~"elocitj of Sound. 251 

infringed by adopting the explanation deduced, by this in= 
verted procedure, fl-om the ph~enomenon itself. In 1816 La- 
place published the. following theorem, without the demon- 
stration :--The velocit~ of sound is equal to the vdocitzj accord- 
ing to Newton's formula, multiplied bj the square root of  the 
Troporliou of  the speciJTc ,~eat o f  air under a constant pres- 
sure, to the specifc heat under a constant volume. The in- 
vestigation was first given in the Conn. des Terns 18o5, and af- 
terwards in the xiith book of tile M~cani~ue Cdleste. This 
theorem left nothing more to be done than to find a certain 
ratio in numbers ; and this was accomplished by the ingenious 
experiment of MM. Clement and Desormes, from which we 
have deduced the proportion of the latent, to the free, heat, 
when air varies under a constant pressure. MM. Gay-Lussac 
and Welter improved a little the original procedure of the in- 
ventors, and repeated the experiment in a great variety of cir- 
cumstances; by which means they not only deternfined the 
number sought more exactly, but they likewise showed that 
it was constant, or nearly so, in considerable diversity of tem- 
perature and pressure. The'result of this long investi, gation, 
protracted for so many years, was a complete solutlon of the 
difficulty, and a satisfactory reconcilement of the theoretical, 
with the experimental, estimate of the velocity of sound. 

The numerical value of the proportion indicated in Laplace's 
theorem is immediately deducible from what has been shown 
respecting the manner in whiqh heat combines with elastic 
fluids. When air varies under a constant pressure, the ab- 
solute heat requisite to produce the rise of temperature ~', is 
.r + i, i being the latent heat. But a- is the heat that causes 
an equal rise of temperature when the volume is constant. 
It is manifest therefore that the proportion of the two specific 

heats in the theorem, is -r + i to r, or 1 + ~ to 1, that is, 
¢t 

1 + ~ to 1 : and is the factor by which the New. 

tonian velocity of sound must be multiplied, in order to ob- 
tain the true velocity. 

But the whole difficulty respecting the velocity of sound is 
overcome, when it has been found how much heat is extricated 
from air condensed in a given degree. This is the leading 
principle on which the investigation must turn, by whatever 
process the result is brought out. In Newton's formula the 
pressure and density are supposed to follow the law of Boyle 
and Mariotte; and the computation will be best rectified by 
searching out the true relation of the same quandties, and 
substituting it'in the place of that inaccurately employed. It 

2 K 2 remains, 
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'252 Mr. Ivory's Theo~ 9 of tlze Velocit 9 of Sound. 

remains; then, to investigate tile relation between the elasticity 
and density of a mass of air that varies its temperature as it 
dilates and contracts, without losing or receiving any heat 
from the surrounding medium. 

Put T t, ~,, 0, for tile pressure, density, and temperature of 
a given mass of air; and suppose that these quantities are 
simultaneously changed into p, ~, 0 + -r; then, we shall have, 

- -  = ' - 7 *  
t /  ¢ I + ~ 0  

Again, / remaining the same, put D fbr the density at the 
beginning of the thermometrical scale; and let i ¢ be the latent 
heat requisite to change D into 9': then 

¢' _ _  ! 

D 1 + ~ 0  ~ 

D 1 + / 3 i '  " 

Fm-ther let i r + i be the latent heat accompanying the change 
of D into ~ ; and, 

1 1 

D 1 + / 3 i ' + / ~ i  1 + ~ + / 3 / "  

Hence, ¢ _ l + , , a  

From the values that have been tbund, we now get, 

v * + ~ + ~  (C) 

¢' l-h~#+/3i 
These formulae express the elasticity and density of the air by 
means of the initial quantities P', _el, 07 and the variations of 
temperature and latent heat represented by -r and i. I t  must 
be observed, however, that the mass of air is supposed to vary 
in an unlimited supply of heat; so that the small increments 
and decrements of fi'ee heat arising from the clmnges of vo- 
lume produce no effect on the thermometer, being, eontinuall, y 
equalized to the temperature of the surroundmg bo&es. In 
this case the quantities v and i are independent on one an- 
other; the first being the temperature as shown by the ther- 
mometer~ and the second the latent heat connected with the 
change of bulk. But if the supply of heat were limited, it 
would be requisite to take into account the free heat evolved 
or absorbed by the contraction and dilatation of the air. For 
this purpose we must write ~"-  i for -r in the first of the for- 
mul~e (C); supposing that v is all the heat derived from ex- 
traneous sources, and + i the variation of the latent heat. In 

a parcel 
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Mr. Ivory's Theo79 ~ the Velocity of Sound. 253 

a parcel of air agitated in an a~rial undulation, there is no 
extraneous heat, and v = 0 : the foregoing equation, therefore, 
will become, 

# ~ 1 + ~ 0 + t 3 i ,  

1 + ~  
¢-7- --" " 

And, by exterminating i, 

This equation expresses the relation between the elasticity and 
density in the circumstances supposed, and it is that which 
must be employed in the investigation of the velocity of sound 

in place of the equation £- = ~ resulting fi'om the law of pt ¢,, 
Boyle and Mariotte, and forming the basis of Newton's for- 
mula. 

In the Philosophical Magazine for June 1825, p. 12, the 
following equation is obtained in considering the motion of a 
line of air, viz. 

dz ¢--- = 1 - - - - :  ¢' dx 
Substitute, now, this value in equat. (D);  thus 

7 = 1 - -  l + - g -  -h-2~ : 

and if we put $ ---- 1 + -~,  and go through the rest of the 

calculation as at the place cited, we shall obtain, 
_ _  p" d d z  d d z  -~ ~ X "--7" X . . . .  

d ,r'~ q d x~  

• J lit The true velocity of sound ~s therefore k x -~-: but the 

Newtonian velocity, deduced from the law of Boyle and g a -  

is . . / @ :  and these two formulae contain the demon- riotte, 

stration of Laplaee's theorem. 
The theory we have attempted to give of the combination 

of heat with elastic fluids is founded on acknowledged facts. 
It is general, extending as far as experience has enabled us 
to reduce the effects of heat to precise rules. It follows from 
it that the quantity k, on which the velocity of sound depends, 
has the same value for air and all the gases ; and likewise that 
it remains constant in every diversity of pressure and density: 
all which consequences are known to be consonant to obser- 
vation. 

The 
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25,~ Mr. Ivory's Theory of the Velocity of Sound. 

The equation (D) does not coincide with what is elsewhere 
given for expressing the .relati°n of. the same quantities. I t  is 
different from the equation pubhshed by M. Poisson in the 
Conn. des Terns 1826, p. 264. In order to clear away all 
clouds of obscurity from a matter of considerable importance, 
I shall now examine particularly, what it is that occasions the 
difference. For this purpose I shall set out from M. Poisson's 
equation (6), p. 263, viz. 

1)(1 + 
ga 

Here ~ is the variation of latent heat corresponding to the 
de small condensation 7;  and~ in our notation, ~ = di, ?/-- 

k -- 1 -- -~- : the equation may now be put in this form, viz. 
d e ~di  

¢ 

which is nowise different from what M. Poisson obtains in 
p. 2647 except that he writes d 0 = w, instead of d i = co. Dif- 
ferentiate the second of the formul0e (C)~ changing the sign 
of i in order to agree with M. Poisson's supposition, that the 
density increases ; then, 

d¢ ,~di 
e lq-~d--{~i  

Now this equation is identical with M. Poisson's only at one 
point, namely, when i = 0. The latter is therefore true only 
in a particular state of the variables~ and is inexact in all other 
circumstances. When  the density and latent heat of a mass 
of air vary together~ M. Poisson's equation expresses the true 
relation of the differentials only initially ; and it ceases to be 
exact when the variable quantities have changed their original 
magnitudes. The integral formulm deduced from such a pro- 
cess cannot be accurate results~ although they may be ap- 
proximations. The truth of what has been observed must 
be so evident to any one that will consider with attention the 
manner in which tile author obtains the equation in question, 
that it would be a waste of words to attempt any further ex- 
planation. 

The investigation I have given in pp. 7 and 8 of the Phil. 
Mag. for June 1825, is liable to the same objection that has 
just been urged against M. Poisson. The relation of the dif- 
ferentials is obtained only in a particular state of the variables. 
The experiment of MM. Clement and Desormes, although it 

enables us to ascertain the value of -~-~ is~ nevertheless~ in- 

sufficient 
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Mr. Ivory's Theorj of the Yelocitj of Sound. 255 

sufficient for finding, generally, the relation between the den- 
sity and latent heat, when these quantities vary together. 

I t  must not, however, be imagined that the damage arising 
from the inadvertency that has been noticed, is ruinously great. 
The formulm obtained are true to quantities of the second 
order with respect to ~ and ~. They are sufficiently exact 
for investigating the veloci W of sound; and they can hardly 
lead to any error of moment in any practical inquiry. But it 
is always best to square our speculations according to expe- 
rience and the laws actually followed in nature ; and, in a case 
like the present, when it may be supposed that we have re- 
turned into the right path after having deviated a little from 
it, it is instructive to look back and examine what led us 
astray. 

In further illustration of what has been said, it may not be 
improper to add a few words concerning the equations in the 
xiith book of the 31&ani~ue Cdleste, pp. 123, 127. For this 
purpose I seek the values of ~- and i from the foregoing equa- 
tions (C); then, by taking the sum, we get, 

Put k = 1 + -~- as before, and differentiate: then 

dV d V  1 + ~  ¢~' . p - - p ' .  

W e  have initially, p = J ,  g -- Cr; and if we suppose that the 
mass of air undergoes only a small variation from the initial 
state, we shall have, 

dV 
d 

k d ¥  ~ +  -~;p p = o 

d V  

k =  de g 
dV 
dp ~ 

These equations are true only at one point, and in a particu- 
lar state of the variables, as has been mentioned. They can 
have nothing to do with integration, which supposes that the 
differential equations are exact for all values of the flowing 
quantities within the limits of their variation. They merely 
express that the two specific heats, under a constant pressure 
and under a constant volume, have to one another the same 
invariable proportion, whatever be the condition of the mass 
of air. 

March 5, 1897. J. Ivol~Y. 

L I I i ,  Theory 
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